The complex variable boundary element method (CVBEM) has been successfully applied to convective flow problems. This study aims at extending the applicability of the CVBEM to convective-dispersive flow problems. In order to utilize the analytical solutions obtained for one-dimensional (1D) problems, two-dimensional (2D) transport is decomposed into transport along multiple 1D streamlines. Varying velocity along the streamlines can be taken into account with a set of coordinate transformations τ and ω. The CVBEM is suitable for streamline tracking and yields accurate evaluations of τ and ω. Along each streamline, 1D transport is analytically modeled, and the complete 2D solution is recovered by combining the individual 1D solutions. The developed method is verified against a diverging radial flow problem and applied to some example problems. Tracer concentration profiles and effluent concentration curves, which can directly be constructed from the analytical solutions, are of use for evaluating hydrodynamic characteristics.
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Introduction
A means to follow fluid movement in porous media is an invaluable tool in evaluating hydrodynamic characteristics. Interwell tracer tests 1) are conducted for this purpose, in which a radioactive or chemical tracer is injected at a source point and detected at a sink point. The breakthrough time and the profile of the effluent tracer concentration are of main interest in the tracer tests.
Streamline simulation 2) 5) has been widely used recently for modeling solute transport. The fundamental idea of streamline simulation is to decompose a multidimensional flow problem into multiple one-dimensional problems to be solved along streamlines. The potential distribution within the flow domain is obtained by solving the governing continuity equation, and the velocity vector field is estimated for tracking the streamlines. After the streamlines are delineated, transport equations are to be solved along each streamline. Several types of one-dimensional transport problems have been investigated and the corresponding solutions are provided, either analytically or semi-analytically. With a sufficient number of streamlines tracked from the source to the sink(s), tracer-test behavior can be modeled by knowing the locations of fluid particles and the corresponding elapsed times.
Up to this date, most streamline simulation models have been developed in conjunction with the finite difference method (FDM). The FDM requires domain discretization and the solutions are obtained at discrete grid points. Thus, interpolation is required to track streamlines. Pollock 6) developed a linear interpolation method by assuming that the principal velocity component varies linearly within a grid cell with respect to its own coordinate directions. This method provides a significant improvement compared with the Runge _ Kutta tracking technique 7) and has become a standard tracking routine. A generalization of the Pollock method is also studied for more complex grids, such as curvilinear structured and unstructured grids 8) . However, the resultant streamlines are inherently affected by the artificial grid geometries, as long as the domain is discretized. As examined in Ref. 8) , inaccurate streamline profiles lead to erroneous transport predictions and may totally ruin the effectiveness of the streamline simulations.
In contrast to the domain method, the boundary element method (BEM) requires discretization only along the boundary. The variables of interest at any interior point can be directly evaluated without domain discretization, and no interpolation is required. Thus, the BEM suffers from no grid-geometry effect and is suitable for streamline tracking. Among a family of BEMs, the complex variable BEM (CVBEM) 9) appears to be the optimal tracking method by virtue of its ability of evaluating stream function 10) . The CVBEM has been applied to study the effects of different flooding patterns and discrete heterogeneities (such as fractures and barriers) on displacement behavior 11),12) . In these studies, dispersivity was assumed to be negligible.
The purpose of this study is to develop a CVBEM that considers dispersivity in flow computations. The techniques of solute-transport modeling that have been established in streamline simulation can be applied to the CVBEM. The resultant model can predict convection-dispersion processes, which is essential for understanding tracer-test behavior.
Flow Equations
For an incompressible fluid of viscosity µ and pressure p irrotationally flowing through a homogeneous medium of permeability k, the complex velocity potential is given by
(1) where Φ = (k/µ)p is the velocity potential and Ψ is the stream function, which satisfies the Laplace equation:
(2) Equation (2) governs the potential and streamline profiles. Along each streamline, two types of transport mechanism are to be considered: convection and convection-dispersion processes.
1. Convection Equation
Along the direction of irrotational flow, the convection equation for incompressible fluids is (3) where C is the concentration, s the arc length along the flow direction, φ the porosity, and u the superficial velocity. When u is a function of s, the concept of time of flight (TOF) τ is of use. To transform the spatial coordinates to the time required for the fluid particle to move from the origin to s, τ is defined as (4) where r is the coordinate along the streamline. Equation (4) is essentially equivalent to the operator identity 2) (5) that reduces Eq. (3) to (6) Subject to the following initial and boundary conditions for C(s, t):
the solution of Eq. (6) is obtained as (8)
Convection-dispersion Equation
Along the direction of irrotational flow, the convection-dispersion equation for incompressible fluids is (9) where K is the longitudinal dispersion coefficient, given as 13) (10) where D0 is the molecular diffusion coefficient, dp the average grain diameter, v the interstitial velocity (= u/ φ), and A, B, and β are the constants that represent the diffusive characteristics of the fluid in the medium. Experimentally, β is found to be close to unity 14) , which is adopted in this study. If the interstitial velocity v is greater than about 3 cm/day, the second term dominates the first term, and Eq. (10) becomes 13) (11) where α is the dispersivity and α|v| represents the mechanical dispersion and amounts to the dispersion coefficient with negligible molecular diffusion. When Eq. (11) is valid, the Peclet number NPe, the ratio of convective to dispersive transport, becomes (12) where L is the representative length of the system.
In general, Eq. (9) is difficult to solve because the velocity u is a function of s. Gelhar and Collins 15) utilized boundary layer techniques and converted Eq. (9) into a simple differential equation through a set of coordinate transformations τ and ω. τ is the TOF defined as Eq. (4), and ω is defined as (13) where is the hypothetical front that would exist between a tracer and native fluid if no dispersion occurred. With τ and ω, Eq. (9) can be reduced to the following equation: (14) where η = τ − t. Equation (14) is valid when << 1, which is equivalent to >> 1, according to Eq. (12) .
Subject to the same initial and boundary conditions as Eq. (7), the solution of Eq. (14) is obtained as 15) (15) where erfc is the complementary error function. For a linear flow with a constant velocity, Eq. (15) becomes a well-known convection-dispersion solution 16) :
∇ Ω 
CVBEM and Streamline Simulation
The Cauchy's integral formula 17) states that if a function f is analytic within and on a simple closed boundary Γ then the values of f interior to Γ are completely determined by the values of f on Γ. Applying this formula to the complex velocity potential Ω yields (17) where z is the point of interest interior to the boundary Γ, and ζ is the point on Γ. To evaluate the contour integral, the boundary is divided into discrete boundary elements. This numerical procedure is known as the complex variable boundary element method (CVBEM) 9),18) . Equation (17) gives the solution for Eq. (2); the velocity potential Φ and the stream function Ψ at any location within a flow domain can be determined. If sinks and/or sources are included in the flow problem, the corresponding singularities are readily coupled with the CVBEM by superposition. The CVBEM formulations and the treatment of singularities are documented elsewhere 18) and will not be covered here.
1. Streamline Tracking
Since the equi-stream function lines and streamlines coincide 16) , streamlines can be tracked by finding the points of a constant value of the stream function. The CVBEM is the technique suitable for this purpose because it yields the complex velocity potential Ω at any location within the flow domain without domain discretization.
The complex velocity w, defined as minus the derivative of the complex velocity potential Ω with respect to z, gives the superficial velocity components ux and −uy: (18) where the Cauchy _ Riemann equation 17) ∂Ψ/∂x = −∂Φ/ ∂y and the Darcy's law 16 ) us = −dΦ/ds have been utilized. Let zj be a point on a certain streamline, which has a stream function of Ψ0. Then, the Euler expansion method gives the first-order estimate of the next point (zj+1/2) on Ψ0 as (19) where ∆s is some fixed length and is the complex conjugate of the complex velocity wj evaluated at zj. To improve the accuracy, further approximation can be obtained by the Newton _ Raphson procedure along the equi-potential that passes through zj+1/2 10), 19) . (20) Equation (20) is applied recursively to obtain zj+1 until |Ψj+1/2 − Ψ0| is less than a tolerance value. The superficial time ∆tj required for the fluid particle to move from zj to zj+1 is estimated by (21) where uj is the average superficial velocity from zj to zj+1 and ∆rj is the distance between zj and zj+1.
2. Coordinate Transformation
Along the streamline coordinate r, the integrand in Eq. (4) can be written as where ns is the number of streamlines, τbj the TOF of the j-th streamline corresponding to the breakthrough time, and qj the flow rate assigned to the j-th streamline. 
Results and Discussion
To assess the performance of the developed method, three types of flow problems were considered: diverging radial flow, repeated five-spot pattern flooding, and flow with irregular boundaries. For all problems, C0 = 1 was assigned.
1. Verification
For arbitrary geometries, fluid velocity is a function of position, and the hydrodynamic dispersion varies from point to point. The dependence of dispersion on velocity makes it difficult, even when possible, to derive analytic solutions for convection-dispersion behavior. However, a number of approximate solutions, though limited, are available for simple geometries 20) . For diverging radial flow, the interstitial velocity v is related to the radius r by (27) where q is the volumetric flow rate, and h is the medium thickness. Assuming that the influence of dispersion becomes small in comparison to the local convective effect as the tracer moves away from the source point, an analytical solution 20) can be derived as (28) where , equivalent to in this case, is the radius of the hypothetical front between the tracer and native fluid without dispersion.
As an example, let us consider a circular flow domain of radius 1 and a source of radius 0.001 located in the center of the domain. The circular boundary is maintained at a constant pressure and is modeled with 80 equally spaced elements. From the source with an injection rate of q/(hφ) = 1, a streamline is tracked with ∆s = 0.005.
At each tracked point, the velocity u is evaluated as an absolute value of the complex velocity, and the stepwise time increment ∆t can be obtained through Eq. The CVBEM results shown in Fig. 1 are consistent with Eq. (29), and the accuracy of the CVBEM is confirmed. Figure 2 compares the calculated concentration C using the CVBEM at Vp = 1.2/π with the analytical solution Eq. (28), where Vp is the pore volumes injected; the ratio of cumulative injection qt to pore volume φV. For different values of α (0.001 and 0.01), the CVBEM yields accurate concentration profiles. This almost-perfect agreement is not a surprise, since Eq. (15) with appropriate evaluations of τ and ω reduces to Eq. (28). The computational procedure of the developed method has been verified as a whole.
2. Pattern Flooding
As a commonly encountered sink/source arrangement, one-quarter of a repeated five-spot pattern is considered. The boundary of the square flow domain (1 × 1) is modeled with 40 equally spaced boundary elements. Injection and production rates are assumed to be constant q/(hφ) = 1 and equal to each other; hence, steady state is reached when the system is totally equalized. From the source of radius 0.001 at (0,0) to the sink of radius 0.001 at (1,1), 201 streamlines are tracked with ∆s = 0.005. Figure 3 shows the resultant streamline profile. (Note that only 101 streamlines are drawn for visual clarity.) The streamline C that advances along the diagonal between the source and the sink follows the shortest path. The path length becomes longer and the velocity u becomes smaller for streamlines closer to the boundary. Figure 4 shows τ evaluated along three streamlines A, B, and C, shown in Fig. 3 ; at the same distance s, the value of τ is larger in the order of A, B, and C. For each streamline, τ around the source and the sink shows a smaller gradient with respect to s because of the relatively high velocities.
Let us consider that a tracer slug of ∆Vp = 0.1 is injected, and, in turn, is followed by tracer-free fluid. The concentration profile of the tracer-free fluid is delayed by the amount ∆Vp. Thus, the tracer-slug concentration profile can be obtained by subtracting the concentration profile of the tracer-free fluid from that of tracer. Figure 5 shows the tracer-slug concentration profiles calculated using the CVBEM at Vp = 0.3 with various dispersivities. Since no domain discretization is required and analytical solutions are used along the streamlines, the results are devoid of numerical dispersion 21) . For the no-dispersion case, the leading and trailing interfaces between the tracer slug and tracer-free fluid are sharp. With increasing values of α, the interfaces become indistinct. Figure 6 shows the tracer-slug concentration profiles at Vp = 0.6. Without hydrodynamic dispersion, the tracer leading edge does not reach the sink, whereas it does for the large dispersivity cases of α = 0.005 and 0.01.
Effluent concentration curves at the sink for various dispersivities are shown in Fig. 7 . The area enclosed by the curve is equal to the slug size ∆Vp. Compared with the no-dispersion case, the tracer breakthrough time becomes earlier and the peak concentration becomes lower for larger values of α. Such differences may be utilized in the analysis of the effluent concentration curves for evaluating dispersivity.
3. Irregular Boundary Problem
One of the features of the CVBEM is its flexibility in Figure 9 shows τ along these streamlines. Because of the sink/source arrangement, the spatial distance s from the source to the sink is longer in the order of A, B, and C. On the other hand, the TOF τ is larger in the order of B, A, and C. Large values of τ compared to s are observed along the streamline B due to the small flow rate q over the long distance s. Figure 10 shows the tracer-slug concentration profiles calculated using the CVBEM at various Vp with dispersivity of 0.03. Effluent concentration curves at the three sinks are shown in Fig. 11 . Consistent with the τ profiles shown in Fig. 9 , sink-3 exhibits the earliest breakthrough, followed by sink-1 and sink-2. By virtue of the semi-analytical nature of the developed method, the predictions are reasonably smooth and consistent with flow physics. 
Summary
(1) The applicability of the CVBEM is extended to flow problems with dispersive processes. The techniques of solute-transport modeling that have been established in streamline simulation are adopted in the method.
(2) Complex 2D transport is decomposed into transport along multiple 1D streamlines. Along each streamline, a convection-dispersion process is modeled with analytical solutions. The complete solution is recovered by combining the individual 1D solutions. (3) Varying velocity along the streamlines can be taken into account through a set of coordinate transformations: the TOF τ and ω. By virtue of its ability of evaluating stream function, the CVBEM provides accurate particle locations and stepwise time increments which are used to calculate τ and ω.
(4) Tracer concentration profiles and effluent concentration curves can be constructed directly from the analytical solutions along the streamlines. Such information may be utilized for evaluating hydrodynamic characteristics.
(5) The developed method is successfully verified against a diverging radial flow problem and applied to example flow problems: pattern flooding and an irregular boundary problem. Because the flow domain is not discretized and analytical solutions are used along the streamlines, the results are devoid of numerical dispersion and reasonably smooth.
